The quest for an obstruction theory to E ∞ ring structures on a spectrum has led a number of authors to the investigation of homology in the category of E ∞ algebras. In this note we present three, apparently very different, constructions and show that when specialized to commutative rings they all agree. (AMS subject classification 55Nxx.
Introduction
In Homotopical Algebra [11] , Daniel Quillen introduced the concept of model category structure giving an axiomatization of the necessary conditions that a category must satisfy in order to support a homotopy theory. Within this context, Quillen constructed homology as follows: given a model category structure on a pointed category C, he considered the subcategory of abelian objects C ab . Under mild technical conditions the faithful inclusion of C ab in C admits a left adjoint whose left derived functor encodes the homology of the objects in C. In brief, homology is given by the left derived functor of abelianization.
Although the rigorous construction of the model category of E ∞ ring spectra is a recent development, what ought to be a natural homology theory for E ∞ ring spectra has been a subject of study for the last two decades. The main motivation for such study stemmed from the search of an obstruction theory to E ∞ multiplicative structures on spectra, but its connections with topological Hochschild homology and also with the derivative of certain functors in the sense of Goodwillie calculus might be of interest to a wider audience.
We will make no attempt to give a detailed historical account of the development of the subject, but we should mention that it is our understanding that Waldhausen and Robinson, independently, started studying E ∞ homology during the 80's. The development of Γ-homology by Robinson and Whitehouse came during the 90's. Other players in the field have been Hunter and McClure who investigated the homology of HF 2 -algebras in terms of stabilization [4] . Also Kriz, using a similar approach to cohomology, developed a theory of Postnikov Towers for E ∞ ring spectra towards the proof that BP is an E ∞ ring spectrum [5] . This provided the motivation for the first author's thesis, and the construction of the category of E ∞ ring spectra as a closed model category [3] allowed her to define homology [2] following the conceptual prescription given by Quillen. The equivalence between stabilization and Topological André-Quillen homology has been established in full generality by the first author in joint work with Mandell but their relationship to Γ-homology has not been determined. In this note we are able to identify the three constructions when we specialize to discrete commutative rings. We should mention that Pirashvili and Richter [10] have identified the complex that defines Γ-homology with the stabilization of a given functor from the category of finite sets to the category of differential graded modules but we make no use of such identification.
The structure of the paper is as follows. We begin with a description of the different constructions that give rise to the different theories. For a fixed commutative ring k we view Γ-homology as a functor from the homotopy category of simplicial commutative k-algebras to the derived category of k. On the topological side, we view Topological André-Quillen homology as a functor from the homotopy category of commutative Hkalgebras to the homotopy category of Hk-modules. We then specialize these constructions to the augmented setting and find that their values coincide with that of the stabilization of the forgetful functor from the pertinent category of algebras to that of modules. The comparison is completed by appealing to Mandell's algebrization theorem which allows us to identify the result on the topological side with the algebraic one.
We work in a number of different categories of algebras; sometimes they will be augmented and sometimes they will be non-unital but they will always be either strict commutative or E ∞ differential graded algebras.
For the sake of brevity we omit "commutative" and "differential graded" from their titles. We also adopt the following conventions: Given a category C and an object A of C we denote the category of objects under A by C A and the category of objects over A by C/A. If C admits a closed model category structure, we denote its homotopy category byhC.
The first author would like to thank Mike Mandell and the second author would like to thank Ruth Kantorovitz for very helpful conversations.
Γ-homology: the Robinson-Whitehouse Complex
In [13] A. Robinson and S. Whitehouse defined Γ-homology in the category of E ∞ differential graded algebras. Since we are only concerned with the theory when applied to strictly commutative rings, in order to avoid introducing unnecessary notation, we omit the general definition and concentrate in the specific complex that calculates the theory in this simpler case. We find useful the description of this complex, the Robinson-Whitehouse complex, that Pirashvili and Richter offer in [10] .
Let k be a commutative ring, A a commutative k-algebra and M an A-module. We consider first the case when A and M are flat over k. For n ≥ 1 let n denote the set with n-elements {1, 2, · · · , n} and let [n] denote the pointed finite set {0, 1, · · · , n} with base point 0.
Let N q (n, 1) denote the set of q composible surjections of finite sets starting at n and ending at 1. Denote each string by [f q |f q−1 | · · · |f 1 ]. Let k[N q (n, 1)] be the free k-module on the set N q (n, 1).
Given a surjection g : n → m and an element i ∈ m, define the component of g at i by g i : n i → 1 where n i is the number of elements in g
is a string of q-composable surjections ending at m, for each i ∈ m we let [f Recall that a surjection of finite sets g : n → m extends to a unique surjection of pointed sets g :
We can now describe the Robinson-Whitehouse complex, ΓC * = ΓC * (A/k, M ) whose homology calculates the Γ-homology of A relative to k with coefficients in M . In the following all the tensor products are taken over k.
Let r j be the number of elements in the preimage of j under this composition. Define l j : [n] → [r j ] as the map which is zero everywhere but on the preimage of j where it is an order preserving bijection. Then,
is the map which is 1 at j and 0 everywhere else. It is routine to check that with these definitions ∂ i ∂ j = ∂ j−1 ∂ i for i < j so that d 2 = 0. When A and M are flat over k, the Γ−homology of A relative to k with coefficients in M is defined by the homology of the Robinson-Whitehouse complex. We write:
Note that there is no complication to extend this definition to simplicial commutative k−algebras A • and simplicial A • −modules M • . Just construct the Robinson-Whitehouse complex on each simplicial degree and take the homology of the total complex. It is clear that the construction is homotopy invariant and that it preserves quasi-isomorphisms between simplicial k-algebras whose underlying simplicial k-modules are flat, and so when A is not flat over k we replace it by a free simplicial resolutions in the usual way and apply this construction to calculate H Γ * (A/k; M ). For the rest of this section we consider the special case of augmented algebras: Let A be a ring and let (B • , η, ) be an augmented cofibrant simplicial A algebra [12] , i.e. a simplicial algebra which is semi-free on each degree and is equipped with an algebra map, , to the constant simplicial algebra at A. We consider A as a B • -module with action a ⊗ b −→ a (b) and define the reduced RobinsonWhitehouse complex by
Note that if γ(A) is a cofibrant simplicial k-algebra weakly equivalent to A, B • = A ⊗ k γ(A) is a cofibrant simplicial augmented A-algebra and
We view this complex as a simplicial differential graded module which in simplicial degree q is the chain complex
Here and in the following all tensor products are taken over A.
Let I • denote the kernel of the augmentation : B • −→ A and let I * ,• denote the simplicial differential graded module which in simplicial degree q is the differential graded module
We can use the natural map of simplicial B-modules
to define a map of simplicial differential graded modules
as follows: for x in simplicial degree q and differential degree 0
and for x in simplicial degree q and differential degree p
The following proposition says that φ is at least 2n + 1-connected where n is the connectivity of I • . Proposition 1.1. Let B • be a cofibrant augmented simplicial A−algebra and let I • denote its augmentation ideal. If I • has zero homology in degrees less than or equal to n ≥ 0, then the map φ : I * ,• → ΓC * (B • /A) induces an isomorphism in homology in degrees less than or equal to 2n + 1.
Proof. Filtering the total complex of ΓC * (B • /A) by the differential degree and taking homology on the simplicial direction we obtain a spectral sequence converging to H Γ * (B • /A; A) which starts with E 1 0,q ( ΓC) = H q (B • ) and
Similarly, we obtain a spectral sequence calculating H * (I • ), the homology of I * ,• , which starts with E The map φ induces a map of spectral sequences which in the E 1 pages translates into maps of chain complexes
To prove the proposition we construct a contraction for E 1 p,0 ( ΓC) and show that for 0 < q ≤ 2n + 1, φ q is a homotopy equivalence.
If
and hence we get the following E 1 -page,
1 * ,q ( ΓC) = 0 for 0 < q < n + 1 and for n + 1 ≤ q < 2n + 1
This identification uses the fact that I • is flat since it is the augmentation of a cofibrant augmented simplicial algebra. The fact that ΓC * (A/A) = 0 is proved in [13] for general E ∞ -differential graded algebras, here we offer a simpler proof for the particular case when A is in fact a commutative k-algebra. To describe the homotopy from the zero map to the identity of E 1 * ,0 ( ΓC) = ΓC * (A/A) we need to introduce some notation. Given f : n −→ m and g : p −→ q, let f g : n + p −→ m + q denote the map that takes i to f (i) for 1 ≤ i ≤ n and to g(i − n) + q for n < i ≤ n + p.
Let 2n : 2n −→ n denote the map that is the identity on 1 ≤ i ≤ n and takes
where for
It is an easy but tedious exercise to check that with this definition one has
denote a string of surjections starting at n and let h ∈ H q (I • ). Then for each 1 < t < n,
p,q ( ΓC) where h t = h and the superscript simply records the fact that it comes from the t-th direct summand of
We must remember what copy of H q (I • ) the h comes from because the portions of d 1 involving ∂ 0 and ∂ p take different values on different copies. In particular the only contribution from
With this in mind we see that the map
, is a chain map that provides a homotopy inverse to φ q . The composite π q • φ q is the identity map on E 1 * ,q (I). To describe the homotopies between the composites φ q • π q and the identity on E 1 * ,q ( ΓC) we will use the following notation. For 1 ≤ t ≤ n, let σ(t) : n + 1 −→ n be the map that equals t on n + 1 and is the identity every where else.
Given an
One can check that wiith these definitions,
The next property of the reduced Robinson-Whitehouse complex that we will exploit is additivity. This is a special case of Theorem 5.8 in [13] which we paraphrase below without proof. 
A consequence of this property is that the Robinson-Whitehouse complex construction commutes with suspension in a sense that we will make precise in Section 3.
Topological André-Quillen homology
In this section we give a condensed description of the topological counterpart of the homology theory for commutative rings described by Quillen in [12] and studied by André in [1] . For a more comprehensive account see [2] .
Topological André-Quillen homology, T AQ-homology for short, is defined in the model category of commutative S-algebras described in [3] . It is given by the homotopy groups of the topological analogue of the cotangent complex so, to describe it, we need the analogues of the augmentation ideal and of the module of indecomposables.
Let A be a commutative S algebra and let (B, η, ) be an augmented A-algebra. Define I(B) by the pull-back diagram in the category of A-modules:
Note that I(B) comes equipped with a multiplication map φ : I(B) ∧ A I(B) −→ I(B) which makes it a nonunital A-algebra. So, I is a functor from C A /A, the category of augmented A-algebras, to N A , the category of non-unital A-algebras. The functor K : N A −→ C A /A, which assigns to N the augmented A-algebra with underlying module A ∨ N and multiplication induced from that of N , is left adjoint to I. In fact, this adjunction passes to the homotopy categories and establishes a Quillen-equivalence between,hC A /A, the homotopy category of augmented A-algebras, andhN A , the homotopy category of non-unital A-algebras.
Let N be a non-unital A-algebra. Define Q(N ), the indecomposables of N by the push-out of A-modules
The functor Z : M A −→ N A which considers an A-module as a non-unital A-algebra with zero multiplication provides a right adjoint to Q. It turns out that the total derived functors of Q and Z exist and they give an adjunction on the homotopy categories.
For a commutative S-algebra C, let LQ C and RI C denote, respectively, the left derived functor of Q and the right derived functor of I with respect to the model categories of non-unital C-algebras and augmented C-algebras described in [2] .
Let A be a cofibrant commutative S-algebra and B a commutative A-algebra which is cofibrant as a commutative S-algebra. Let B ∧ . Even though T AQ-homology is defined for general commutative S-algebras it is convenient in this note to emphasize its definition as a functor on non-unital B-algebras. After all, the first step on the construction of T AQ, "smashing with a cofibrant replacement", takes us to the homotopy category of augmented B-algebras which, as noted above, is equivalent to the homotopy category of non-unital B-algebras via the augmentation ideal functor. The model category of N B is much more manageable on technical details because every object is fibrant. Thus, we will concentrate on the analysis of the functor LQ :hN B −→hM B .
The first easy observation is that Q is a continuous functor and that, since LQ is a left adjoint, it takes coproducts of non-unital B-algebras to coproducts of B-modules and it commutes with suspension. We also have a similar result as that recorded in proposition 1.1 for the reduced Robinson complex. Proposition 2.1. Let B be a connective cofibrant commutative S-algebra and let N be a cofibrant non-unital B-algebra. If N is n-connected the canonical map
Proof. Let A denote the free non-unital B-algebra functor on B-modules. Precisely, for a B-module M
By abuse of notation, we let A also denote the comonad AU where U is the forgetful functor from non-unital B-algebras to B-modules. Let B • (N ) denote the usual bar construction for the comonad A, i.e. the simplicial non-unital B-algebra with B n (N ) = A n+1 N and face and degeneracy operators given by
where ξ : AN −→ N is induced by the product of N , η : N −→ AN the inclusion on the first summand, and µ : AAN −→ AN is induced by the maps
given by the evident identifications. It is shown in [2] Sect. 5 that
where |C • | denotes the geometric realization of the simplicial object C • . If we use the bar filtration we obtain a spectral sequence that calculates π * (Q B (N )). We have that E 1 * ,q is given by the chain complex associated to the simplicial group obtained by applying π q to Q A B • (N ). So,
Since N is n-connected, π q (A p N ) = π q N for q ≤ 2n + 1, and since d 1 = (−1) i (Q∂ i ) * , we have that
where the isomorphism is induced by the map i above. Hence, i is 2n + 1 connected as claimed.
Stabilization
We begin by reminding the reader of some basic facts about simplicial model categories which will allow us to define stabilization of functors. The standard reference for this material is [11] but there is also a nice account in [14] .
Recall from Chapter II in [11] that a simplicial category C is endowed with a simplicial "function complex" Hom C (X, Y ) and for each simplicial set K, functors X K ⊗ X and X X K which satisfy the following adjunctions:
where S denotes the category of simplicial sets. The simplicial structure relates to the model category structure in the following way: If i : A −→ B is a cofibration and p : X −→ Y is a fibration in C, then the induced map
is a fibration of simplicial sets which is a weak equivalence if i or p is.
It can be shown that if K and L are finite simplicial sets and X is an object of C,
The simplicial model categories that we will deal with arise from considering the category sC of simplicial objects in some category C which has all coproducts. In this setting, for X an object of C and K • a finite simplicial set K ⊗ X is the simplicial object with
is a morphism in the category ∆, the structure map α * : (K ⊗ X) n −→ (K ⊗ X) m maps (X) σ to (X) α * (σ) via the identity map of X. For B • an object of sC we take the diagonal of the bisimplicial object that we obtain by applying this construction degree-wise.
Also, given a simplicial model category C if A is an initial object of C, the category C A /A of objects containing A as a retract is a pointed category that inherits a structure of simplicial model category from C. Given an object A η −→ X −→ A we denote its "product" with the finite based simplicial set K by K⊗X. It is given by the coequalizer of maps
induced by the inclusion of the base point of K and the composite
It follows from the definitions that if K and L are finite pointed simplicial sets and
It follows from the definitions that K ⊗ − "commutes" with simplicial functors that take coproducts to coproducts. A similar result is true for functors that take coproducts to weakly equivalent coproducts in the following sense. Definition 3.1. We say that a functor F : C −→ D between closed model categories preserves coproducts weakly if the natural map F (X) F (Y ) −→ F (X Y ) is a weak equivalence when X and Y are cofibrant.
With this definition we have the following proposition where we have decorated ⊗ and⊗ to specify the category where the constructions take place. Proposition 3.2. Let C be simplicial closed model categories and let D be a category of simplicial differential graded modules. If F : C −→ D is a simplicial functor that preserves coproducts weakly, for any finite simplicial set K the natural transformation K ⊗ D F (X) −→ F (K ⊗ C X) is a weak equivalence. Further, if C is pointed and F takes the initial object to zero, then for any finite based simplicial set, L, L⊗ D F (X) −→ F (L⊗ C X).
It turns out that given a pointed simplicial model category C, if X is a cofibrant object and S 1 denotes the simplicial circle, ∆[1]/∂∆ [1] , S 1⊗ X represents the suspension of X in the homotopy category of C. Similarly, the right adjoint to S 1⊗ -, when applied to fibrant objects, represents the loop functor in the homotopy category of C. We will denote it by Ω -.
By analysis of the spectral sequence associated to a bisimplicial commutative algebra, one can show that suspension in the category of augmented simplicial algebras increases connectivity of cofibrant objects. In the case of simplicial modules, we denote suspension the usual way i.e. ΣM denotes the suspension of M . We have that M −→ ΩΣM is a homotopy equivalence.
We will also have to consider categories which are enriched over topological spaces instead of simplicial sets. By this we mean categories whose Hom sets are topological spaces such that composition is continuous. For these categories we have a straightforward generalization of a simplicial closed model category structure by requiring that our categories support a model category structure, that we can form "products with spaces" and that the topological structure relates to the model structure in the appropriate way.
Precisely, let U denote the category of topological spaces and C a category enriched over U. We follow [3] and say that C is a topological model category if it supports a model category structure, there exist functors continuous in both variables:
⊗ : U × C −→ C and F : U op × C −→ C together with natural homeomorphisms
C has all limits and colimits and, for any cofibration i : A −→ B and fibration p : C −→ D, the induced map
is a Serre fibration of spaces which is a weak equivalence if either i or p are weak equivalences.
We have a similar definition of a pointed topological model category if our category is pointed and we exchange U for T , the category of based topological spaces.
In the cases that we will consider, when X is the geometric realization of a finite simplicial set X ⊗ A has a very explicit description. Our categories will come equipped with an internal geometric realization functor, i.e if B • is a simplicial object over our topological category, its geometric realization |B • | will again be an object in the category. Then, to calculate |X • | ⊗ A we realize the simplicial object X • ⊗ A whose n-simplexes are given by the coproduct of copies of A indexed by the n-simplices of X.
Just as in the case of simplicial categories, if A is an initial object in a topological model category C the category of objects which contain A as a retract becomes a pointed topological model category with X⊗A defined by a similar coequalizer.
Also, as in the algebraic case, if A is a connective cofibrant commutative S-algebra, suspension in the category of augmented A-algebras increases connectivity of cofibrant objects. And, in the category of Amodules, using the standard notation for suspension, M −→ ΩΣM is a homotopy equivalence.
We can now define the stabilization of a functor F by generalizing the usual construction for topological spaces: . For X, a cofibrant object in C, define the stabilization of F by F st (X) = colim n Ω n F (S n⊗ C X) where the colimit is taken over the maps
withξ adjoint to the natural map
. Let A be a commutative ring and let HA denote the corresponding Eilenberg-Mac Lane cofibrant commutative S-algebra. We let I denote both the augmentation ideal functor on the category of augmented simplicial A-algebras and the forgetful functor from the category of non-unital HA-algebras to the category of HA-modules. The augmentation ideal functor lands in the category of simplicial commutative rings without unit, but we are interested in their underlying modules, so we think of I as a forgetful functor landing in the category of simplicial modules. Theorem 3.4. Let B denote either an augmented cofibrant simplicial A-algebra or a connective cofibrant non-unital HA-algebra. If F denotes either Q or the reduced Robinson-Whitehouse complex ΓC * (−/A), and I denotes the appropriate forgetful functor, 
is a weak equivalence.
We have seen that F preserves coproducts weakly so that
, and we know that X ΩΣX. Hence, we have that
which gives us the result.
We should point out that the proof in the topological case above relies in the fact that the maps Ω n Σ n X −→ Ω n+1 Σ n+1 X over which we take the colimit are inclusions of spectra [7] .
Comparison of Γ-homology with T AQ-homology of discrete rings
Let k be a commutative ring and A a commutative k-algebra. Let Hk and HA denote the corresponding Eilenberg-Mac Lane cofibrant commutative S-algebras. From the previous section we see that
and H Q * (HA/Hk; HA)) = π * {LQ HA RI HA (γ(HA) ∧ Hk HA)} ∼ = π * (I st N )
where γ(X) denotes a cofibrant replacement for X in the appropriate category and where N is a cofibrant non-unital HA-algebra weakly equivalent to RI HA (γ(HA) ∧ Hk HA).
In this section we establish the equivalence of Γ-homology with T AQ-homology for discrete commutative rings by providing a quasi-isomorphism between the differential graded module associated to I st (γ(A) ⊗ k A) via the normalization functor, and the differential graded module associated to I st (N ) via the singular chains functor.
To compare our algebraic construction with its topological counterpart, we need to introduce some intermediate categories and functors that will relatehsC A /A, the homotopy category of simplicial augmented A-algebras, withhN HA , the homotopy category of non-unital HA-algebras. We will assume that the reader is familiar with operads and the category of algebras over an operad. A concise account is given in [6] .
Let E ∞ C A /A denote the category of augmented E ∞ A-algebras and let E ∞ N A denote the category of non-unital E ∞ A-algebras. Our constructions are invariant under quasi-isomorphism so it does not matter what operad we choose. But for our analysis of the coproducts it is convenient to choose the linear isometries operad C of [6] and its non-unital variant where we take C(0) = 0. Both categories above admit closed model structures where the weak-equivalences are the quasi-isomorphisms of their underlying differential graded modules and the fibrations are the surjective maps [8] . Hence, since the augmentation is split by the unit, all objects are fibrant.
The augmentation ideal functor and the analogue of the functor K N from Section 2, which takes N , an object of E ∞ N A to an object of E ∞ C A /A with underlying dg-module A ⊕ N and operad action induced from that of N , provide an equivalence of categories and we havehE ∞ C A /A ∼ =hE∞NA. These are both pointed categories and we can construct I An augmented differential graded algebra is, in particula,r an object of E ∞ C A /A. So, the normalization functor allow us to relate sC A /A, the category of simplicial augmented A-algebras to this category.
In [9] , Mandell establishes an equivalence between the homotopy category of commutative HA-algebras and the homotopy category of E ∞ differential graded A-algebras which extends the equivalence between the homotopy category of HA-modules and the derived category of A via the singular chain functor. Similar arguments provide an equivalence betweenhN HA andhE ∞ N A . We denote the algebrization functor by Alg and add subscripts N or M to record the category involved, i.e non-unital algebras or modules.
We have the following diagram relating the categories involved. We have denoted the normalization functor by N lz and added subscripts C and M to record the category involved, i.e. algebras or modules.
We have already noted that the inner square commutes. We also have that We begin with the left-hand square. The first difficulty arises from the fact that the normalization of a cofibrant simplicial augmented algebra is not cofibrant in the category of augmented E ∞ algebras. So before applying I st C we need to replace N lz(B • ) by a cofibrant object. We saw in section 2 that the stabilization of a functor was defined in terms of the coproduct in the category. It is a classical result that the shuffle map gives a quasi-isomorphism between the normalization of the suspension of a simplicial algebra B • and the suspension of the normalization of B • . So, to show that for a cofibrant augmented simplicial algebra B • , N lz M (I st (B • )) I st C (N lz C (B • )) it is enough to show that the map γ(B) A γ(B) −→ B ⊗ A B is a quiasi-isomorphism, where B = N lz C (B • ), we take γ(B) to be a cofibrant augmented E ∞ A-algebra weakly equivalent to B and A denotes the coproduct in E ∞ C A /A.
The main result in Mandell's "Flatness for the E ∞ -torsion product" [8] implies that H * (γ(B) A γ(B)) ∼ = E ∞ T or A (γ(B), γ(B)) and V.1.9(iii) in [6] says that E ∞ T or A (γ(B), γ(B)) ∼ = T or A (γ(B), γ(B)).
That is, the E ∞ torsion product of cofibrant E ∞ A-algebras is isomorphic to the torsion product of their underlying differential graded modules. Since B is flat over A we have that T or A (γ(B), γ(B)) ∼ = H * (B ⊗ A B).
Hence, we conclude that the left-hand side square commutes.
To show that the right-hand side square commutes is easier: the functor Alg takes cofibrant objects to cofibrant objects and behaves similarly to the normalization functor, i.e. we have that Alg(S 1⊗ HA N ) S 1 ⊗ N Alg(N ). The discussion above proves the following result:
Theorem 4.2. Let k be a commutative ring and let A be a commutative k-algebra. Let Hk and HA denote the corresponding Eilenberg-Mac Lane cofibrant commutative S-algebras. We have an isomorphism of graded groups: H Γ * (A/k; A) ∼ = H Q * (HA/Hk; HA) As a final remark, we notice that Schwede's identification of the André-Quillen homology of a commutative algebra over the rational numbers with its stabilization [14] is a special case of our result since, over the rational numbers, the homotopy category of commutative differential graded algebras is equivalent to the homotopy category of E ∞ -algebras.
